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+ j, rotE = −∂B
∂t
, divD = ρ, divB = 0, (1.1)
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A ·B = (A,B) = AxBx + AyBy + AzBz,
A×B = [A,B] = (AyBz − AzBy, AzBx − AxBz, AxBy − AyBx).
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(E ·D + H ·B). (1.4)






(E ·D + H ·B) dv.
		 	 
 2""  ?	
 	
@  $
Π = [E,H]. (1.5)
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E · j dv.
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(D1 −D2) · n = ξ, (B1 −B2) · n = 0,
[n,E1 − E2] = 0, [n,H1 −H2] = η,
(1.6)
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A(r, t) = A0(r) cos(ωt + ϕ),
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, divH = 0.
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rotH = iωε0εE + j, rotE = −iωµ0µH, divE = ρ
ε0ε
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(0, Ey, 0), (Hx, 0, Hz)  (Ex, 0, Ez), (0, Hy, 0). (2.3)
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+ k2 u = 0, (2.5)
!; k2 = ω2µ0µε0ε% k 5   ?$0$  ;,
2$      "0@ 1# !$;
	 $";#9 #9 u(x, z)  #$% 8+
 "  $  ⊥+!$, $














!; ; # u(x, z) 7 7 #$$; #$+
9 A;"; ?(@
F$;% 7 ; 2 2"
$% !  8 #$ A;";
J" $;%  $# #$ A;"; ?(@  +
 8 $
u(x, z) = Aeiξx+iζz, (2.7)
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eik sin θ·x+ik cos θ·z, 0, −Ak sin θ
ωµ0µ
eik sin θ·x+ik cos θ·z
)
,






z , 0, −Ey H∗x) =
k|A|2
2ωµ0µ
· (− sin θ, 0, − cos θ). (2.8)
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k2x−k2 z · (−1, 0, 0). (2.9)
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v(x, z, t) = |A| cos(ξx + ζz + ωt + argA).
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E = (Ex, 0, 0), H = (0, Hy, 0)  $ E = (0, Ey, 0), H = (Hx, 0, 0) +
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u0(x, z) = A0 eik+ sin θ0·x+ik+cosθ0·z.
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u+(x, z) = A+ eik+ sin θ+·x−ik+ cos θ+·z,
u−(x, z) = A− eik− sin θ−·x+ik− cos θ−·z
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A0 e
ik+ sin θ0·x + A+ eik+ sin θ+·x = A− eik− sin θ−·x,
A0 e
ik+ sin θ0·xik+ cos θ0 − A+ eik+ sin θ+·xik+ cos θ+ =
= A− eik− sin θ−·xik− cos θ−.
G #$ 3## $  $, !, x% 
k+ sin θ0 = k+ sin θ+ = k− sin θ−. (2.10)
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A0 + A+ = A−, k+ cos θ0 · A0 − k+ cos θ+ · A+ = k− cos θ− · A−.
<9
A+ =
k+ cos θ0 − k− cos θ−
k+ cos θ0 + k− cos θ−
A0, A− =
2k+ cos θ0
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−k+|A0|2 cos θ0k+ + |A+|2 cos θ0 = −k−|A−|2 cos θ−.
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 E = (0, 0, Ez), H = (Hr, Hα, 0) ?; 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Ez = 0. (2.14)
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(−i)n Jn(k1r) einα (2.15)
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(−i)n Jn(k1r) einα, r > R.
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Cn (−i)n Jn(k2r) einα, r < R.
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u(r, θ) = 0.
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n (cos θ), n = 0, 1, . . . , m ≤ n,
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, Hy = u.







+ k2u = 0, k2 = ω2µ0µε0ε. (3.3)
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+ k2 = 0.
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um(x, z) = c sin
πmx
a
e±iγm z, m = 1, 2, . . . , (3.4)
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um(x, z) = c cos
πmx
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Ey, Ez = 0  x = 0, x = a; Ex, Ez = 0  y = 0, y = b.
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− iγ Hy = iωε0εEx, ∂Ez
∂y
− iγ Ey = −iωµ0µHx,
iγ Hx − ∂Hz
∂x
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iωε0εEx + iγ Hy =
∂Hz
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+(k2−γ2)Ez = 0. (3.7)
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+ iΓEα = −iωµ0µHr,
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+ (k2 − Γ2)Hz = 0.
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+ k2 = 0. (3.11)
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 4 -F >;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 % BB $$% -A F$8$ 5 .
 B8 8%  5 (( 
 I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  ! 4 -* I,$%
-- F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#; # f(x)   x ∈ R1 = (−∞,+∞) ?$ #+







f(x)eixξ dx, ξ ∈ R1. (4.1)
<37











 "  !37@
 #  #  / # f(x) $+
  " =#; $ ,%  F (ξ) 5 7 $
# >" =#;  %  f(x) ∈ L1(R1)%  ; 3+
9 "# ? J3"#@ #  2 F (±∞) = 0
? F (ξ)  ξ → ±∞@  #$7 # ! 
   	
' ( )









f(x) sinxξ dx = 0.
*  f(x) ∈ L1(R1)%   3!; F (ξ) ∈ L1(R1)
#; L2(R
1) H $ # % "#,  J3"# 
$%  ; ,% 
+∞∫
−∞
|f(x)|2 dx < +∞;














.7 !;%   f(x) ∈ L2(R1)%  F (ξ) ∈ L2(R1)  3
G $$ $! !% f(x) ←→ F (ξ)
<3 3!$ =#;  " 3!





F (ξ)e−iξx dξ. (4.2)











1, |x| < a,







J" !; #90 $ $ 3!$ =#; $ +
$ L2(−∞,+∞)
 3!$ =#; H   ?$   @












|F (ξ)|2 dξ (4.3)
?9 #%  3!$ =#; 5 " @

f(x− a) ←→ eiaξ F (ξ), e−iax f(x) ←→ F (ξ − a). (4.4)






$   f(−x) ←→ F (−ξ)









f(x− t)g(t) dt←→ F (ξ)G(ξ). (4.7)
 / f(±∞) = 0% 
f ′(x) ←→ −iξ F (ξ), xf(x) ←→ −iF ′(ξ). (4.8)
3!$ =#; " 330;  # ;, +
,
. ";" 3!$ =#; $  #90+
#
  #7   #9 f(x) 5 8 " ? +
"@ #$%  7  0;9 3!$ =#; #; !
," #$ $ #$  3! =#; F (ξ)  
#%    3!# $$; 3! 6!#% $
#$ 7 3; #8 "







, u(x, 0) = f(x), x ∈ R1.
'   	
1# ;%   8  " !$  x 309
$ #;  3 B 3!$ =#;  +
 x%  2 u(x, t) ←→ U(ξ, t)




(ξ, t) = −ξ2 U(ξ, t),
#9 ξ 3# ;  I"
U(ξ, t) = c(ξ)e−ξ
2t,
" c(ξ) 5 !$; #  ξ  ;# #$9 7 +
 3!$ =#;  # U(ξ, 0) = F (ξ)% !; F (ξ) 5
3! =#; # f(x) F$;%
U(ξ, t) = F (ξ) e−ξ
2t.
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1# $; ! # $ Rn%   #+
 n $0$, "#$% ! , 5  +
 1# ;!$; #90 3!
 ϕ(·) 5 #% ϕ(x)
5  ! $ 
=# !$ 	%   $ #9 $ "
8 *	 
suppϕ(·) = {x | x ∈ Rn, ϕ(x) = 0}.
<3! D = D(Rn) 7$ $, 3 #,
, # $ Rn J" $;%  D 5   +
$
$;; # ϕk(·) ,  # ϕ(·) $ D 
k →∞%  @ ∃  8 UR | suppϕk ⊂ UR ∀kN (@ $;+
 ∂αϕk(·) $  Rn ,  ∂αϕ(·)  k →∞ ∀α D;
α = (α1, . . . , αn) 5 #;% ∂
α
5  $ 
x  α%  ; α1 !  x1% . . .% αn !  xn














, |x| ≤ ε,
0, |x| > ε,
"  Cε $3 % 3
∫
ωε(x) dx = 1
J   $ #  $ $,
# D !$9 

 ? 330 #+
@ 7  # f $ $ $$ $ #+
 ϕ(·) %  3 3!9 < ϕ, f > * 3# #3
3!; !  f [·]  $ # ϕ(·) !
f [ϕ(·)]
 $ $    $ 

@
f [αϕ(·) + βψ(·)] = αf [ϕ(·)] + βf [ψ(·)] ∀α, β ∈ C, ∀ϕ(·), ψ(·) ∈ D;
	   	
(@  ϕn(·) → 0(·)  n→∞ $ D%  f [ϕn(·)] → 0  n→∞
J   $ D′ 9 #90 3!

λf [·] : ϕ(·) ←→ λf [ϕ(·)] ∀ϕ(·) ∈ D;
f [·] + g[·] : ϕ(·) ←→ f [ϕ(·)] + g[ϕ(·)] ∀ϕ(·) ∈ D.
$;;  fk[·] , $ D′  +
9 f [·]  k →∞%  fk[ϕ(·)] → f [ϕ(·)]  k →∞ ∀ϕ(·) ∈ D ?
,; !$ 3 @





  3!; D′ = D′(Rn)
<3! D(G) 7$ $, # %  ,
7 $ 3 G A$%   f [·] = 0 $ 3
G%  f [ϕ(·)] = 0 ∀ϕ(·) ∈ D(G)  F$;% f [·] = g[·] $ G% 
f [ϕ(·)] = g[ϕ(·)] ∀ϕ(·) ∈ D(G)
*	 

     Rn 3Z+
 $, 3 % "  30 $ #;
7 ; "# $ Rn # f(·) 7 $;
$ $$ 
f [·] : ϕ(·) → f [ϕ(·)] =
∫
Rn
f(x)ϕ(x)dx, ∀ϕ(·) ∈ D, (4.9)
 2 $$ $! ! I% 9
$ ?@ $$# $ ? ;9  7$ 
#;@ ; "# # / f(·) ∈ Lloc1 (Rn)% ∫
G
f(x)ϕ(x) dx = 0 ∀ϕ(·) ∈ D
"  ; "% " f(x) = 0  $9# $ G ? + 
'@




n) 7$9  7$ "#, $ D′ +





$  "#, ?   $90, "#@
 
 #; δ[·] : ϕ(·) → ϕ(0) ∀ϕ(·) ∈ D <$%  δ[·] ∈ D′ 
2 supp δ[·] = {0}
D δ+#  δ(x)  $ $
∫
R1
δ(x)ϕ(x) dx = ϕ(0)
    #%  %  "#
=# E8E ωε(·) ; "# 2# , 7+

















?3#$ ,-.- !$9%  "  $  "$" !+
  8@
G #    $  2#  5 +
%  3 3!9 P( 1
x
)[·]
7%  # P( 1
x
)[·] $ #; ϕn(·) → 0(·)%
























|ϕ′n(ξ)| dx ≤ 2R max|x|≤R |ϕ
′
n(x)| → 0  n→∞
)   	
?!; ;!$ # I @
6 P( 1
x
)[·]  x = 0 $  3 # 1/x




, ε > 0,

























[ϕ(x)− ϕ(0)] dx =





































 sing supp f [·]  
  Rn ; 3%    f [·]
$  3 # #  *%
sing supp δ[·] = {0}
6 7 #7;  3 #
# #; f [·] ∈ D′  a(·) ∈ C∞(Rn) < 
a(·)f [·] : ϕ(·) → f [a(·)ϕ(·)] ∀ϕ(·) ∈ D. (4.11)
>!  #% 






)[·] = 1[·]. (4.13)




 f [·]  α = (α1, . . . , αn) +
 

∂αf [ϕ(·)] = (−1)|α|f [∂αϕ(·)] ∀ϕ(·) ∈ D. (4.14)




(af)(x + h) = a(x + h)f(x + h); (4.15)
∂
∂xj
(a(·)f [·]) = ∂a
∂xj
(·)f [·] + a(·) ∂f
∂xj
[·]. (4.16)
#; # f(·) ∈ C1(R1\{a}), a ∈ R1 ? $#9 +
!$#9  x = a@  #0$#9   f(a ± 0) <3+
! f ′(·) #9% $90#9  x = a  3 !$ 
# f(·) / $; f(·)  "# 
f(x)[·]% 




















f(x)′[ϕ(·)] = [f(a + 0)− f(a− 0)]ϕ(a) + f ′(x)[ϕ(·)].
 !$, (+" 
f(x)′′[·] = f ′′(x)[·]+
(   	
+[f(a + 0)− f(a− 0)] δ(x− a)′[·] + [f ′(a + 0)− f ′(a− 0)] δ(x− a)[·].
B $$  # ?@   E# T+
$ E θ(x)[·]% θ(x) = {x < 0 : 0; x ≥ 0 : 1} !$ θ′[·] = δ[·] 
!$ δH# δ′[ϕ(·)] = −ϕ′(0)% δ′′[ϕ(·)] = ϕ′′(0)   
; #$ xf ′[·] = 1 ?!; 1 = 1[·]@  $ +
$  30 8 f [·] = lnx + c1 + c2θ(x)[·]
 '.		 /
- S ′0
  #H #% # $ eiαx% α 5
$0$ % %  3%   2; #+
  $   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|x|m = 0 ∀m. (4.18)
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!; (x, ξ) H  !$ $$
 9
Ff [·] : ϕ(·) → f [Fϕ(·)] ∀ϕ(·) ∈ S, (4.21)
  ! 3! =#;   $, #, $+
9  ! ,"   3!, =#; $+
, # 
J" $;%  ? n = 1@
eiax[·] ←→
√
2π δ(ξ + a)[·], δ(x− a)[·] ←→ 1√
2π
eiaξ[·] (4.22)
  a = 0
1[·] ←→
√
2π δ(ξ)[·], δ(x)[·] ←→ 1√
2π
1[·]. (4.23)
6: 3! =#; !$,   I 
ϕ′(·) ←→ −iξΦ(·)%  f ′[·] ←→ −iξF [·]% !; ϕ′(·) 5 3 !$
# $ # ϕ(·)  f ′[·] 5 !$ 
f [·]
#; f(·) ∈ C1(R1\{a}), a ∈ R1 / !$#9 2 #
$;  %  ! # ?@ #% 
f ′(·) ←→ −iξ F [·]− 1√
2π
[f(a + 0)− f(a− 0)] eiaξ. (4.24)
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(−iξ)n F+[·]− 1√
2π




(−iξ)n F−[·] + 1√
2π
[f (n−1)(0− 0)− iξ f (n−2)(0− 0)+ . . .+(−iξ)n−1 f(0− 0)].
#; n = 1 =# f+(x)  f−(x)% $ #9  x < 0  x > 0
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 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 x J93#9 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9 f(x) 7 $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 #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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
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 $ #90 #$7
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/ a 5  % Re a > 0% 
f(x) =
{
0, x < 0; e−ax, x > 0
}





f(x) = {eax x < 0; 0, x > 0} ←→ F (ξ) = i√
2π
−1
ξ − ia, (4.26)
!; 3! =#; 5 3 #% , " $;
*  a 5 $0$ % 
f(x) =
{
0, x < 0; eiax, x > 0
}
←→ F (ξ)[·] = i√
2π
1




eiax x < 0; 0, x > 0
}
←→ F (ξ)[·] = i√
2π
−1
ξ − i0 + a [·]. (4.28)
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+ k2 u(x, z) = 0, (x, z) ∈ R2+ (5.1)
5 ; #$  " "" 2"+
"  1# 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 $$#9 $%
#,0  3;
J" $;%  
γ(ξ) =
√
k2 − ξ2, ξ ∈ R1
#
e−iξx eiγ(ξ)z
$  8 #$ ?@ C3 7 2 
#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 #,0  3;
?$ $,99 #;@% 7 $; #$ Im γ(ξ) ≥ 0
 Re γ(ξ) ≤ 0 ? !$    $ eiωt@ +




v(ξ) e−iξx eiγ(ξ)z dξ (5.2)
? ; "    " 7 $;@ 3#+
 8 #$ ?@
7% ;!#  3!$ =#; $ $ +
 %  # ?@  $; 7 $ 8
#$ A;"; $ $, #% #$$90 #+
$9 !#
  '"	 	"		 45  

1# ; 8 $#" #$ A;"; $ $, 
# ?@% #$$90 " #$
u(x, 0 + 0) = u0(x),
∂u
∂z
(x, 0 + 0) = u1(x), x ∈ R1. (5.3)
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 u0(·), u1(·) ∈ Lloc1 (R1) 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1# $; 2 #   " 
?"#@ 5 2 $ S ′(R1)
D%  ,  3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#   $
! *% 7  2" 8 #$
?@ $ u(x, z) = e−ik sin θ·x−ik cos θ·z 3! =#; ;" !+





2π δ(ξ − k sin θ)[·]
68 #$ ?@ $ 3 ; ###9
$ R2+ !#9 #9 $#, $0$, "#$ 5
37 (x, z) ∈ R2+ → u ∈ C 1# $; 2 3+
7 #90 3!
 7# !9 z ∈ R1+ $ $ +
$$ 37 x ∈ R1 → u ∈ C I 3!% u(·, ·) = u(·)(·)
5 37 # z > 0 $ 7$ !, #+
  $0$   D;   $ 3!, $
u(·)(·) 3# ,;  $ "#$
  x% +
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;%  u(x)[·](·) : z > 0 → u(x)[·](z) ∈ S ′(R1) I" ; 
,  "# # 7 ; 

u(x)[·](z) → u0(x)[·], ∂u/∂z(x)[·](z) → u1(x)[·]
$  , $ S ′(R1)  z → 0 + 0
3!$ =#;  ;  x $ ! 8
?@% ?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  #90#
 37 u(x)[·](·) ! 
37 u(ξ)[·](·) : z > 0 → u(ξ)[·](z) ∈ S ′(R1)% " 
u(ξ)[·](z) 5 3! =#;  u(x)[·](z) I 3!% 
3!$ =#;  x # ! ?@  ?@ #$
∂2u(ξ)[·](z)
∂z2
+ (k2 − ξ2)u(ξ)[·](z) = 0, z > 0, (5.4)
 " #$
u(ξ)[·](0 + 0) = u0(ξ)[·], ∂u
∂z
(ξ)[·](0 + 0) = u1(ξ)[·]. (5.5)
=#9 z → u(ξ)[·](z), z > 0% 3# 7 $;  +
  (0,+∞)  ! $ S ′(R1) 7   #;
z < 0% $  0[·]  # ! 	
 /

( % $ 2  ; $ 2 # 3! =#; u(ξ)[·](ζ)[·] ?3+
!$ =#;  $# @  7 
 ζ $ $,99 #;   ζ˙ D+
%   u(ξ)[·](ζ˙) $  $ $, 
#  ζ˙ # $  %  u(ξ)[ϕ(·)](ζ˙) 5 +
 # ∀ϕ(·) ∈ S(R1)
>%   $ ?@   !$  330 
? 2 3## ;!$ " #$ ?@@  $ +
3!$ =#;   z #
(k2 − ξ2 − ζ2) u(ξ)[·](ζ)[·] = 1√
2π
[u1(ξ)[·]− iζu0(ξ)[·]]. (5.6)
/ 3! =#; $,  $9 3+
 #%  #$ ?'@ 7 !; $ $
(k2 − ξ2 − ζ2) u(ξ, ζ) = 1√
2π
[u1(ξ)− iζu0(ξ)]. (5.7)
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(−∞,−k) : i√ξ2 − k2;
(−k, k) : √k2 − ξ2;
(k,+∞) : −i√ξ2 − k2.
(5.8)
G # 5 ; ! ! $, #  $0+
$  $$ "! # γ(ξ˙) =
√
k2 − ξ˙2 "
"# ξ˙% $ $   !!  !# $0$+
 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k2 − ξ2 − ζ2 = [γ+(ξ)− ζ] [γ+(ξ) + ζ].
&	   '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 u(x, z) 	 
1  23-456
23-75 
 !	 k 	  	 	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
u1(ξ)− iγ+(ξ)u0(ξ) = 0, ξ < −k, u1(ξ) + iγ+(ξ)u0(ξ) = 0, ξ > k, (5.9)
  
 %
 u(ξ, ζ) 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 ! 8  #7 3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#$% " 3! =#; u(ξ, ζ) #$$ #$9 ?@
 ξ < −k  ξ > k  k2 − ξ2 − ζ2  #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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ζ + i0− γ+(ξ) +
v2(ξ)
ζ + i0 + γ+(ξ)
]
. (5.11)
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 v1(ξ) = iu0(ξ) = −u1(ξ)/γ+(ξ)  ξ > k 
v2(ξ) = iu0(ξ) = u1(ξ)/γ
+(ξ)  ξ < −k B ; " +
7 #,0  3; $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,0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 3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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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  	
	6  u1(ξ) + iγ
+(ξ)u0(ξ) = 0 
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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1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 u1(ξ) −
iγ+(ξ)u0(ξ) = 0 
 −k < ξ < k -
)   	
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|ξ| ≥ k : i
√
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 iγ(ξ) 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u0(τ) K0(τ, x) dτ, u0(x) =
+∞∫
−∞















|τ − x| H
(2)
1 (k|τ − x|),













0 (k|τ − x|).
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 3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 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 7 #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; "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u1(ξ)− iγ+(ξ)u0(ξ) = 0, ξ < 0, u1(ξ) + iγ+(ξ)u0(ξ) = 0, ξ > 0.
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 z > 0  $ 7 #+






+ k2(z)u(x, z) = 0 (5.21)
 #+ 2 k(z) = {z > 0 : k+ ; z < 0 : k−}
 !, #$,   z = 0% !90, $! 7# 2
8 <" #% " k± 5 $0$ 
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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 ?$ !  @   
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(x, 0−0) = b(x). (5.22)
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|ξ| ≥ k± : i
√
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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(k2+ − ξ2 − ζ2)u+(ξ, ζ) =
1√
2π
[u+1 (ξ)− iζu+0 (ξ)],
(k2− − ξ2 − ζ2)u−(ξ, ζ) = −
1√
2π
[u−1 (ξ)− iζu−0 (ξ)],
  u±j (ξ) #$$9 $$
u+1 (ξ)− iγ+(ξ)u+0 (ξ) = 0, u−1 (ξ) + iγ−(ξ)u−0 (ξ) = 0.
$ !   $ 3!, =#; 9 $
u+0 (ξ)− u−0 (ξ) = a(ξ), u+1 (ξ)− u−1 (ξ) = b(ξ).
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u0(x, z) = eik+ sin θ0·x+ik+ cos θ0·z
?2 $  #   ; z = 0  #"
θ0   z@ I"
a(x) = −eik+ sin θ0·x, b(x) = −ik+ cos θ0 · eik+ sin θ0·x
 $ 3!, =#;
a(ξ) = −
√
2π δ(ξ + k+ sin θ0), b(ξ) = −ik+ cos θ0 ·
√
2π δ(ξ + k+ sin θ0).
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! 7 $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−k− cos θ− + k+ cos θ0
k− cos θ− + k+ cos θ0

2k+ cos θ0
k− cos θ− + k+ cos θ0
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u+0 (x) + u
0
0(x) = 0, u
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0 (x) = 0  M,










1 (x)  N .
(6.1)
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u+1 (τ)K1(τ, t) dτ, (6.2)
u−1 (x) = −
+∞∫
−∞
u−0 (t)K0(t, x) dt, u
−
0 (t) = −
+∞∫
−∞
u−1 (τ)K1(τ, t) dτ, (6.3)









u01(τ)K1(τ, t) dτ. (6.4)
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u+0 (x) = −u00(x), x ∈M; u+1 (x) = 0, x ∈ N (6.5)

u−0 (x) = 0, x ∈M; u−1 (x) = u01(x), x ∈ N . (6.6)
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u+1 (x) = u
−
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+∞∫
−∞




u+0 (t)K0(t, x) dt−
+∞∫
−∞
u00(t)K0(t, x) dt− u01(x) =
= −u+1 (x) + u01(x)− u01(x) = −u+1 (x),
 " u+1 (x) = 0 F #" %  x ∈ N
u−1 (x) = u
+











u−0 (t)K0(t, x) dt−
+∞∫
−∞
u00(t)K0(t, x) dt + u
0
1(x) = −u−1 (x) + 2u01(x),
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u+0 (t)K0(t, x) dt− v0(x), u+0 (t) =
∫
M
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u+1 (τ)K1(τ, t) dτ = −u00(t), t ∈M, (6.8)
∫
N
u+0 (t)K0(t, x) dt = v0(x), x ∈ N . (6.9)
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M
u+1 (τ)K1(τ, t) dτ = −u00(t), t ∈M; u+1 (x) = 0, x ∈ N . (6.10)
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u+0 (x) = −u00(x), x ∈M,
∫
N
u+0 (t)K0(t, x) dt = v0(x), x ∈ N .
(6.11)
 $$ ";, #$ (+"  $  
$ % 3 9; ! 90, 8 # ! $#, +
, # u+0 (x)  u
+
1 (x) $ $#9 ; $" $+
$ ! ?'@ $ $ $$ ! ?'@  #  ";
#$
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u+0 (x) = −u00(x), x ∈M, u+0 (x) =
+∞∫
−∞
u+0 (t)L01(t, x) dt, x ∈ N .
(6.13)
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+∞∫
−∞
u+0 (t)K0(t, τ) dt =
∫
N
u+0 (t)K0(t, τ) dt− v0(τ), τ ∈M.
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K1(τ, t)K0(t, x) dt.
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u−1 (x) = −
∫
N
u−0 (t)K0(t, x) dt,
u−0 (t) = −
∫
M
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u+1 (x) + u
0
1(x) = 0, u
−
1 (x) = 0  M,










0 (x)  N .
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u+1 (x) = −u01(x), x ∈M; u+0 (x) = 0, x ∈ N (6.16)

u−1 (x) = 0, x ∈M; u−0 (x) = u00(x), x ∈ N . (6.17)
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u+1 (t)K1(t, x) dt−
+∞∫
−∞
u01(t)K1(t, x) dt− u00(x) =
= −u+0 (x) + u00(x)− u00(x) = −u+0 (x),
 " u+0 (x) = 0 •


















u−1 (x) = −
∫
M














u−1 (τ)K1(τ, t) dτ.
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u01(t)K1(t, x) dt, x ∈M.
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u+0 (x) + u
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0(x) = 0, u
−
0 (x) + u
0
0(x) = 0  M;




1 (x) = u
−
1 (x)  N .
(6.18)
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e−iξx dξ = −u00(x), x ∈M.












dt = −u00(x), x ∈M. (6.19)
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ε+





[u−1 (x) + u
0








0 (x) = u
−
0 (x)  N .
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= −u01(x), x ∈M.
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(Ax˜− y, yk) = (y, yk), k = 1 . . N.




aj (Axj, yk) = (y, yk), k = 1 . . N.






0 (k|t− x|) dt = f(x), x ∈ [α, β], (6.20)
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 k = 2π/λ% "%  β − α < λ
@    ! [α, β]  ! [−1, 1] #;
t1 = 2
t− α












































, x1 ∈ [−1, 1].






























ψ(z) 5 " !$ "+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, γ = 0.57721566 . . .













<3! k1 = π(β − α)/λ% "
H
(1)











|t1 − x1|) + [J0(k1|t1 − x1|)− 1] ln(k1
2
|t1 − x1|) + Y˜0(k1|t1 − x1|)
}
.
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J0(k1|t1 − x1|)− ln k1
2
− Y˜0(k1|t1 − x1|)+








|t1 − x1| + K(t1, x1)] dt1 = f1(x1), x1 ∈ [−1,+1].
B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T0(x) = 1, T1(x) = x, Tn(x) = 2x Tn−1(x)− Tn−2(x), n = 2, 3, . . .





1− t2 dt =
{
k = j = 0 : π; k = j = 0 : π/2; k = j : 0
}
. (6.21)
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|t− x| dt =
{
j = 0 : π ln 2; j = 0 : π/j
}
Tj(x). (6.22)
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|t− x| + r(t, x)
]
dt = f(x), x ∈ [−1, 1], (6.23)
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aj (κkj + rkj) = fk, k = 1 . . N,
κkj =
{
k = j = 1 : π2 ln 2; k = j = 1 : π
2
2k


















1− x2 dx, k = 1 . . N.










f(xm), xm = cos
2m− 1
2M















f(xm) Tk−1(xm), k, j = 1 . . N.
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u+,1(ξ)− iγ0(ξ)u+,0(ξ) = 0, u−,1(ξ) + iγ0(ξ)u−,0(ξ) = 0.
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u+,1(ξ)− u−,1(ξ) = iγ0(ξ) [u+,0(ξ) + u−,0(ξ)].
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b−(ξ) = 2iγ0(ξ)u+(ξ)− 2iγ0(ξ)u−0,0(ξ).
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u0(x, z) = e−ik sin θ
0·x−ik cos θ0·z.
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iγn z eiLnx, z > 0;




−iγn z eiLnx, z < 0,
(7.1)




k2 − (Ln + α)2 =
=
{
n ≤ l/λ :
√
k2 − (Ln + α)2; n ≥ l/λ : i
√
(Ln + α)2 − k2
}
.
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iLnx = 0, x ∈ N . (7.3)
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 u0 + u+ = 0% u− = 0  M  u0 + u+ = u−% ∂u0/∂z + ∂u+/∂z =
= ∂u−/∂z  N ? "%  90 $  , 
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α = −k sin θ0.
I" γ0 = k cos θ
0
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b0 = a0 + 1; bn = an, n = 0.
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iLnx = k cos θ0, y ∈ N . (7.5)
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eiLn(x−t) dt = −1, x ∈M. (7.6)
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iLn(x−t) dt = k cos θ0, x ∈ N (7.7)
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∣∣∣+ r(t, x)] dt = f(x), x ∈ [0, 2π]. (7.8)
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2π∫
0
eijx e−ikx dx = {j = k : 2π; j = k : 0} = pkj;
(@  $9 3$ # ";" 








∣∣∣] dt = {j = 0 : 2π ln 2; j = 0 : π|j|} eijx = qj eijx.
<3! 3$ !  αj

















= f(x), x ∈ [0, 2π].
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N∑
j=−N
aj [sjk + rjk] = fk, k = −N . .N, (7.9)
"
sjk = pjkqj = {j = k = 0 : 4π2 ln 2; j = k = 0 : 2π
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β − α2π, t =
β − α
2π
t1 + α, x1 =
x− α























dt1 = −l, x1 ∈ [0, 2π],
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∣∣∣∣− 2 ln 2.
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anγnJn−m = −I−m, m = 0,±1, . . .
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In−mJm−k = −I−k, k = 0,±1, . . . (7.11)
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u+1 (t)K1(t, x) dt, x ∈ (0, l), (7.12)
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u+0 (x) = −eiαx, x ∈M, u+1 (x) = 0, x ∈ N .
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u+0 (x) = −eiαx, x ∈M; u+0 (x) =
l∫
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u+0 (τ)L0(τ, x) dτ −
∫
M
eiατ L0(τ, x) dτ, x ∈ N ,
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iny = −1, y ∈M,
+∞∑
n=−∞
an|n|einy = 0, y ∈ N ,
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(a + 0, z) = 0,
∂u
∂x
(b− 0, z) = 0. (8.2)
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 8
u(x, 0 + 0) = u0(x),
∂u
∂z
(x, 0 + 0) = u1(x), a < x < b. (8.3)
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, n = 1, 2, . . . , (8.4)







, n = 1, 2, . . . ,
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u1n + iγn u0n = 0, n = 1, 2, . . . (8.5)
	(   	
!;$ 7  8 #$ A;";+
  #  #; z > 0 #90 3!
  #+
 a < x < b = a + h  ## a − h, a   ! +
   2h  $9 #;   +
 # # u(x, z)   !$  x  3# !$$ 
z = a+ jh, j = 0,±1, . . . 2#  ,   3##
$ 330   !$  x  $" 
$9;
   2h  x  u(x, z) 7 !+









" # un(z) 7 3; 8 3$, +
;, #$ u′′n + [k
2 − (πn/h)2]un = 0 >!  # e−iγn z
 eiγn z% 3!#90, #;#9 # 8 % ; $


















u0(x)ϕn(x) dx = un, u1n =
h∫
0
u1(x)ϕn(x) dx = −iγnun. •
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K0(t, x) = −i
+∞∑
m=1
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u1(t)K1(t, x) dt, x ∈ (0, h). (8.9)
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K0(t, x) dt = −i
+∞∑
n=1









K1(t, x) dt =
+∞∑
n=1
unϕn(x), x ∈ (0, h). • (8.11)
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u(x, 0− 0) + u00(x) = 0, u(x, 0 + 0) = 0, x ∈M, (8.12)






(x, 0+0), x ∈ N .
(8.13)
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(x, 0−0) = b(x), (8.14)
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0n = 0, u
−
1n − iγ−n u−0n = 0, u+0n − u−0n = an, u+1n − u−1n = bn,
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u(x, 0− 0) + u0(x, 0− 0) = u(x, 0 + 0),
∂u
∂z
(x, 0− 0) + ∂u
0
∂z
(x, 0− 0) = ∂u
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(x, 0 + 0).
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u−(x, z) = Al ϕl(x) eiγ
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ϕn(t)ϕn(x) dt = 2i u
0
0(x), x ∈M. (8.17)
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ϕn(t)ϕm(t) dt, Jmk =
∫
N
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γn Anϕn(x) = 0  N . (8.22)
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u−0 (x)ϕk(x) dx +
∫
N
u−0 (x)ϕk(x) dx, k = 1, 2, . . .
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u−1 (x) = −iCl
∫
M
ϕl(t)K0(t, x) dt + i
∫
N
u−0 (t1)K0(t1, x) dt. (8.23)
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u−0 (t1) = −i
∫
M
u−1 (t)K1(t, t1) dt. (8.24)
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 A = {0 < x < a, z < 0}% B = {0 < x < b, z > 0}
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, m, h = a, b, c.
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, m = 1, 2, . . . , (9.9)









, m = 1, 2, . . . (9.10)
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+ k2(z)u(x, z) = 0, (10.1)
" k(z) = ka% kf  ks $ $$#90, $, ! +
 z $ 7  ", !  $ # $
VU+!
u(x, 0− 0) = u(x, 0 + 0), ∂u
∂z
(x, 0− 0) = ∂u
∂z
(x, 0 + 0), (10.2)
u(x, h− 0) = u(x, h + 0), ∂u
∂z
(x, h− 0) = ∂u
∂z
(x, h + 0). (10.3)
$  3  ## 
  ;+
 # 7 3; "  |z| → ∞
C 8 ! 7 3# ;  !+
 ,%   $ $
u(x, z) = e−iα xf(α; z). (10.4)
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#9 !
  ; u(x, z) $ $ X(x)Z(z)%  ;+
 7 7 #$$; #$
X ′′(x)
X(x)
+ α2 = 0,
Z ′′(z)
Z(z)
+ k2(z)− α2 = 0. (10.5)
S%   $; ;    α%
 ! α2 !9 $9 #9 ; 1 "% !+
 α  −α  $  #$ ?)@ *%  # ! #
?)@% 2 ! !  $7 $ $7
$% ,  ; # u(x, z)
I 3!% # f(α; z) 7 #$$; #$9
f ′′ + [k2(z)− α2] f(α; z) = 0, z = 0, z = h. (10.6)
B #;  8 #$ ?)'@ 7 $
#
 e−iγ(α) z  eiγ(α) z% " γ(α) =
√
k2 − α2 B , #,
#3 ;!$; #"#9 # # 
 cos γ(α)z  sin γ(α)z D+
 γ(α) #$ $; #90 3!
  $0$+
, k γ(α) 5 ! $ $$; "! #%
$ $   !!  !# $0$  [−k, k]%
  $0$ 7; ! $ , +
7;  #   *  )( +
!%  2 # $ #9 ; α $ +
#9 ; γ(α)
 $$#90 #" #"# # $0$ 
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   z 3 F $ 30 8 #$+
 ?)'@ 9 3 2%  $ ", 3, A
 S 5  7 3%  ; %   %  
" ? 7   #9@  z → ±∞
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#; α ∈ (0, ka)  α 7 7; # 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z > h : A(α) cos γa(α)(z − h) + B(α) sin γa(α)(z − h),
0 < z < h : C(α) cos γf (α)z + B(α) sin γf (α)z,
z < 0 : E(α) cos γs(α)z + F (α) sin γs(α)z,
" A(α), B(α), C(α), D(α), E(α), F (α) 5  #  α
? !$0  z@ G # #7 3; % 3 3
$ #$ 7   ", !  z = 0 
z = h

C(α) = E(α), γf (α)D(α) = γs(α)F (α),
A(α) = C(α) cos γf (α)h + D(α) sin γf (α)h,
γa(α)B(α) = −γf (α)C(α) sin γf (α)h + γf (α)D(α) cos γf (α)h.
(10.7)
B  ! ,  , #$ ?)@ 7 8; +
, 2$% $ ! , 9 !$; .7 $+
; $ !$, , 8%  !$9  





z > h : cos γf (α)h · cos γa(α)(z − h)−
−γf (α)
γa(α)
sin γf (α)h · sin γa(α)(z − h),
0 < z < h : cos γf (α)z,
z < 0 : cos γs(α)z,
))   	








cos γf (α)h · sin γa(α)(z − h),
0 < z < h : sin γf (α)z,
z < 0 : sin γs(α)z.
/ 7 α ∈ (ka, ks)%  ! γa(α) $  %
 Im γa(α) < 0 <3! δa(α) = iγa(α)% 2 $ $0$+




z > h : A(α) e−δa(α) (z−h),
0 < z < h : C(α) cos γf (α)z + B(α) sin γf (α)z,
z < 0 : E(α) cos γs(α)z + F (α) sin γs(α)z,
 #$ 7  ", !  9 $
C(α) = E(α), γf (α)D(α) = γs(α)F (α),
A(α) = C(α) cos γf (α)h + D(α) sin γf (α)h,
−δa(α)A(α) = −γf (α)C(α) sin γf (α)h + γf (α)D(α) cos γf (α)h.
(10.8)
D;  #$   !$, 2 2# 





z > h : e−δa(α) (z−h),
0 < z < h : p(α) cos γf (α)z + q(α) sin γf (α)z,
z < 0 : p(α) cos γs(α)z + q(α) sin γs(α)z,
"
p(α) = cos γf (α)h+
δa(α)
γf (α)
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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z > h : A(α) e−δa(α) (z−h),
0 < z < h : C(α) cos γf (α)z + B(α) sin γf (α)z,
z < 0 : F (α) eδs(α) z,
" δa(α) = iγa(α)% δs(α) = iγs(α) 5 $ 30 #  +
%   7; $0$  $ 7
 z = 0  z = h 9 # ! , #$  ,
!$,
C(α) = F (α), γf (α)D(α) = δs(α)F (α),
A(α) = C(α) cos γf (α)h + D(α) sin γf (α)h,
−δa(α)A(α) = −γf (α)C(α) sin γf (α)h + γf (α)D(α) cos γf (α)h.
(10.9)
F #$ ?)@  #$ 8 "  ; "%
"  ; $ #9 3  9; ! #$+
 !$ F (α)  A(α) I"  ; $ #$
[δa(α) cos γf (α)h− γf (α) sin γf (α)h]C(α)+
+[δa(α) sin γf (α)h + γf (α) cos γf (α)h]D(α) = 0,
δs(α)C(α)− γf (α)D(α) = 0.
 2   #$ 8 "  ; "% "
sin γf (α)h [γ
2
f (α)− δa(α) δs(α)]−
− cos γf (α)h [δa(α) γf (α) + δs(α) γf (α)] = 0.
(10.10)
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